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Abstract—Compressed sensing has shown that a wide variety
of structured signals can be recovered from a limited number
of noisy linear measurements. This paper considers the extent
to which such recovery is robust to signal and measurement
uncertainty. The main result is a non-asymptotic upper bound on
the reconstruction error in terms of two key quantities: the best
approximation error of the signal (with respect to a user-defined
approximation set) and the measurement error. We assume a
random Gaussian sensing matrix but place no restrictions on
the signal or the noise. This result provides a simple and yet
powerful framework for analyzing the fundamental limits of
stable recovery, allowing us to sharpen existing results as well as
derive new ones.

I. INTRODUCTION

Consider the problem of recovering an unknown signal
x? ∈ Rn from measurements y ∈ Rm generated by the linear
observation model

y = Ax? + w (1)

where A ∈ Rm×n is a known sensing matrix which com-
presses the signal from n to m < n dimensions and w
is unknown noise. Given the observations (y, A) we seek a
reconstruction x̂ that is close to x? in mean-squared error.

This problem has been studied extensively in the com-
pressed sensing literature. A major focus of previous work has
been the tradeoff between the number of measurements and the
reconstruction error under a variety of signal models — e.g.
sparse signals [1]–[3], compressible signals [4], [5], unions of
subspaces [6]–[10], random discrete-continuous mixtures [11],
[12], and block-sparse models [13].

One approach (e.g. [1], [6]–[10]) has been to derive suf-
ficient conditions in terms of certain properties of the mea-
surement matrix, such as the restricted isometry property, the
mutual incoherence, or generalizations thereof. Conditional
on these properties holding, it is shown that the number
of measurements required for stability is proportional to the
number of “degrees of freedom” in the signal class. One
limitation of this approach, however, is that the resulting
conditions are loose — stability is guaranteed only if the
number of measurements exceeds a critical cutoff point, and
this cutoff point does not match the number of measurements
needed for exact recovery in the absence of noise.1

1For example, although it is well known that a k-sparse signal can be
recovered from m = k + 1 randomly generated noiseless measurements,
results based on the restricted isometry property require m = Ω(k log(n/k))
for stable recovery in the noisy setting (see e.g. [1], [2] and subsequent work).

TABLE I
EXAMPLES OF THE STABILITY CONSTANT GIVEN IN (3) .

measurements max. dim. no. subspaces stability constant
(m) (d) (N ) (C)

12 2 5 39.42

15 10 100 2.54 × 103

150 100 1000 25.92

1500 1000 107 6.3

Another approach (e.g. [12], [14]–[18]) has been to study
the fundamental behavior for random signals generated from
a known distribution (or class of distributions). In these cases,
careful analysis has shown the exact location of certain phase
transitions in the large system setting. These results, however,
are asymptotic and require prior knowledge of a distribution.

The main result of this paper is a non-asymptotic bound that
overcomes the limitations outlined above; this bound provides
a sharp characterization of recovery that makes no assumptions
about the signal x or the noise w.

To state these bounds, we focus on approximation sets
which can be expressed as the union of a finite number of
affine linear subspaces:

M =

N⋃
i=1

Mi, Mi = {bi + span(Bi)}, dim(Mi) ≤ d.

The complexity is measured by the maximum dimension d
and number of subspaces N . The best approximation error of
signal x ∈ Rn is defined by the squared distance:

ρ2M(x) = inf
u∈M

‖x− u‖2.

We study the performance of the constrained least squares
estimator defined by

x̂ = arg min
x∈M

‖y −Ax‖2. (2)

We show that if A is an i.i.d. Gaussian matrix with m >
d+ 2, then the reconstruction error of (2) obeys

E
[
‖x̂− x?‖2

]
≤ (1 + C) · ρ2M(x?) + C · ‖w‖2. (3)

Here, expectation is with respect to the sensing matrix and
the constant C is given explicitly in terms of the number of
measurements m, the maximum dimension d, and the number
of subspaces N ; specific examples are given in Table 1.



II. MAIN RESULT

This section gives a precise statement of our main result
and provides some examples of how it can be used to derive
fundamental phase transitions.

Theorem 1. Let A be a random m× n matrix whose entries
are i.i.d. N(0, 1/m), let M be a union of N subspaces with
maximum dimension d < m, and let x̂ be given by (2). For
any t ≥ 1, the inequality

‖x̂− x?‖2 ≤ sm,d,N ·
(
ρ2M(x?) + ‖w‖2

)
· t− ‖w‖2

holds with probability at least 1 − 2 exp(−m−k2 ∆(t)) where
probability is with respect to the sensing matrix and

sm,d,N = m+1
m−d+1

[
L−1[1,∞)

(
logN
m−d

)]2
∆(t) = 2L[1,∞)

(
t

1 +
√
tL[1,∞)(t)

)
with L[1,∞)(t) = [log(t)+1/t−1]1(t ∈ [1,∞)). The function
∆(t) is positive and strictly increasing on the interval (1,∞).

We now make several remarks:
• One immediate consequence of Theorem 1 is that the nec-

essary and sufficient conditions for stable recovery match
the necessary and sufficient conditions for exact recovery
in the absence of approximation and measurement errors.
Specifically:

recovery is stable in probability ⇐⇒ m > d.

Remarkably, this condition does not depend on the signal
length n or the number of subspaces N .

• This bound is universal in the sense that it holds for any
signal x? and error term w. However, the independence
of the sensing matrix is crucial — the signal and noise
cannot depend on the realization of the sensing matrix.

• The constant sm,d,N characterizes the sensitivity to the
approximation error and measurement error. Its scaling
behavior is given by

sm,d,N ∼
m+ 1

m− d+ 1
(N/e)

2
m−d , N →∞.

• The exponent ∆(t) obeys ∆(t) ∼ log(t) as t → ∞. Its
behavior is illustrated in Figure 1.

Theorem 2. Consider the assumptions of Theorem 1. If m >
d+2, then the expected reconstruction error is finite and obeys

E
[
‖x̂− x‖2

]
≤ (1 + Cm,d,N ) · ρ2U (x) + Cm,d,N · ‖w‖2

where the expectation is with respect to the sensing matrix and

Cm,d,N = sm,d,N ·
(

1 +

∫ ∞
1

2 exp(−m−k2 ∆(t))dt

)
− 1.

Proof. Since the reconstruction error is nonnegative, we have

E
[
‖x̂− x?‖2

]
=

∫ ∞
0

P
[
‖x̂− x?‖2 ≥ u

]
du.
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Fig. 1. Illustration of ∆(t) as a function of t. Note that ∆(t) is positive and
strictly increasing for all t > 1.

Making the substitution t = (u+ ‖w‖2)/sm,d,N · (ρ2M(x?) +
‖w‖2), and combining Theorem 1 with the fact that probabil-
ities are upper bounded by one completes the proof.

The following sections summarize some applications of
Theorems 2. To simplify notation we write C = Cm,d,N .

A. Improved and generalized bounds

Suppose that a subset A ⊂ Rn can be approximated by
a union of subspaces M such that supx∈A ρM(x) ≤ κ. By
Theorem 2 and the triangle inequality, we then have

E
[
‖x̂− x?‖2

]
≤ (1 + C) · [κ+ ρA(x?)]2 + C · ‖w‖2.

This relationship allows us to extend our results to signal
models, such as manifolds, which can be well approximated
using a finite number of subspaces.

This relationship can also be used to strengthen our results
by providing a tradeoff between the maximum dimension d
and the number of subspaces N . For example, suppose that
M ⊂ M̃ where M̃ is a union of Ñ < N subspaces with
maximum dimension d̃ > d. Then the reconstruction error of
the estimator (3) constrained to the set M̃ obeys

E
[
‖x̂− x?‖2

]
≤ (1 + Cm,d̃,Ñ ) · ρ2M(x?) + Cm,d̃,Ñ · ‖w‖

2,

where we have used the fact that ρM̃(x) ≤ ρM(x). In some
cases, Cm,d̃,Ñ can be much smaller than Cm,d,N , thus leading
to an improved bound.

B. Optimal phase transitions for random signals

For any distribution on x?, the expected reconstruction error
is bounded by the expected approximation error:

E
[
‖x̂− x?‖2

]
≤ (1 + C) ·E

[
ρ2M(x?)

]
+ C · ‖w‖2.

Now suppose that the signal entries are i.i.d. according to
the discrete continuous mixture:

PX = (1− ε)Pd + εPc



where Pc is absolutely continuous and Pd is discrete with
finite support of cardinality b. Wu and Verdu [12] showed that
if PX is known, then the necessary and sufficient condition
for stable recovery in the large system setting is given by:

lim inf
n→∞

mn/n ≥ ε. (4)

Using Theorem 2, we can show that this same result holds
even if the only information we have about PX is the size of
the support of Pd. The basic idea is that any typical realization
of x? can be well approximated by the set of all vectors
containing at most εn + b distinct values (see [19]). Since
this set can also be represented as a finite union of subspaces,
the sufficiency of (4) follows from Theorem 2 and the fact
that b is constant.

C. Universal scalar quantization

Lastly, let M be the set of all signals of length n with at
most d different values. Since this set can be represented as a
union of N = dN/d! subspaces of maximum dimension d, it
follows that

E
[
‖x̂− x‖2

]
≤ (1 + C) ·Dd(x) + C · ‖w‖2

where C = O
(

m
m−dd

2n
m−d

)
and

Dd(x) = min
z∈Rd

n∑
i=1

min
j∈[d]

(xi − zj)2,

is the squared distortion of the optimal scalar quantizer using
only d values. To the best of our knowledge, this result is new.

III. DISTRIBUTION OF LEAST SQUARES

This section considers recovery with respect to a single
subspace and characterizes the bivariate distribution on two
key quantities: the reconstruction error and the residual error.

Let M = {b+ span(B)} be an affine linear subspace with
dimension d = rank(B). If the number of measurements m
is greater than the dimension d, the least squares solution is
unique almost surely (with respect to the distribution on A)
and is given in closed form as:

x̂ = b + P (AP )
†
(y −Ab) (5)

where P ∈ Rm×d an orthonormal basis for the range space
of B and (·)† denotes the Moore-Penrose pseudo inverse.

We are interested in the behavior of two random variables:
the reconstruction error, defined by the sum of squared errors

SSE = ‖x̂− x?‖2, (6)

and the residue sum of squares, defined by

RSS = ‖y −Ax̂‖2. (7)

Theorem 3. Let A be a random m× n matrix whose entries
are i.i.d. N(0, 1/m). If m > d, then the distribution of the
random pair (SSE,RSS) can be characterized as follows:

(a) If ρM(x?) = 0 then(
SSE,RSS

) D
=

(
‖w‖2 · (1−Θ)

T
, ‖w‖2 ·Θ

)
where T ∼ χ2

m−d+1 and Θ ∼ Beta(m−d2 , d2 ) are
independent.

(b) If ρM(x?) > 0 then(
SSE,RSS

) D
=

(
ρ2M(x?) +

ρ2V(x?) · V1
T

,
ρ2V(x?) · V2

m

)
where T ∼ χ2

m−d+1 is independent of (V1, V2) and

V1 ∼ χ2
d

(
m · ‖w‖

2

ρ2V(x?)
· (1−Θ)

)
V2 ∼ χ2

m−d

(
m · ‖w‖

2

ρ2V(x?)
·Θ
)

B ∼ Beta
(
m− d

2
,
d

2

)
where V1 and V2 conditionally independent given B.

We note that several special cases of Theorem 3 have been
shown previously in the context of sparse signal models, i.e.
the setting where the subspaceM is characterized by a subset
of the columns of the identity matrix. For example:
• Wainwright [20, pg. 5740] derived the marginal distribu-

tion of RSS in the Gaussian noise model.
• Cartis and Thomson [21, Lemma 4.3] characterized the

marginal distributions of SSE and RSS in the case of
noiseless measurements and also in the case of Gaussian
noise and zero approximation error (i.e. ρV(x) = 0).

• Reeves and Donoho [3, Theorem 1] derived the bivariate
distribution on (SSE,RSS) for the case of Gaussian noise
and zero approximation error.

In addition to the work mentioned above, it is possible that
other parts of Theorem 3 have also been shown previously, in
some form or another. However, to the best of our knowledge,
the full statement of Theorem 3 is new. The proof is omitted
due to space constraints.

The next result provides closed form bounds on the cu-
mulative distribution function of the distribution given in
Theorem 3. The proof is omitted due to space constraints.

Lemma 1. Under the assumptions of Theorem 3, the following
bounds hold for all r, s ∈ R:

P[SSE ≥ s,RSS ≤ r] ≤ e−
m−d+1

2 E1(s)−
m−d
2 E2(r) (8)

P[RSS ≥ r] ≤ e−
m−d
2 E3(r) (9)

where:

E1(s) = L[1,∞)

(
m− d+ 1

m+ 1
· s+ ‖w‖2

ρ2M(x?) + ‖w‖2

)
E2(r) = L[1,∞)

(
m− d
m

· ρ
2
M(x?) + ‖w‖2

r

)
E3(r) = L(0,1]

(
m− d
m

· ρ
2
M(x?) + ‖w‖2

r

)
.

with L(x) = log(x) + 1/x− 1 and LA(x) = L(x)1(x ∈ A).



IV. RECOVERY IN A UNION OF SUBSPACES

This section considers recovery with respect to a finite union
of subspaces. Building upon the results of Section III, we
derive a sequence of upper bounds on the reconstruction error
of the restricted least squares estimator.

Let M be a union of N affine subspaces with maximum
dimension d < m. Observe that the minimization problem in
(2) can be expressed in two stages as

min
i

{
min
x∈Mi

‖y −Ax‖2
}

(10)

where the outer minimization is over all subspaces and the
inner minimization corresponds to the setting of Section III.

With probability one, each of the inner minimization prob-
lems has a unique solution x̂(i) given in closed form by (5).
The corresponding sum of squared errors and residual sum of
squares are defined by

SSE(i) = ‖x̂(i)− x?‖2 and RSS(i) = ‖y −Ax̂(i)‖2

Using this notation, the least squares estimate can be
expressed as x̂(i?) where i? achieves the outer minimization
in (10), i.e.

RSS(i?) = min
i

RSS(i). (11)

Note that i? is unique with probability one if the subspaces are
distinct. The corresponding reconstruction error is SSE(i?).

The analysis given in the remainder of this section is based
on the fact that we need not identify the best subspace in M
in order to bound the reconstruction error in terms of ρ2M(x?).
This fact is supported by the following intuition:
• At low SNR, reconstruction with respect to any subspace

(even one that is a bad match for the signal) will result
in an error that is small relative to the noise.

• At high SNR, reconstruction with respect to a bad sub-
space will result in an error that is large relative to the
noise. However, since the SNR is high, it is possible
to identify subspaces which are a good match for the
signal (though not necessarily optimal). Reconstruction
with respect to these subspaces will result in an error
that is small relative to the noise.

A. An initial bound

To begin, observe that by (11), the following series of
implications holds for any index j ∈ [N ] and r, s ∈ R:{

SSE(i?) ≥ s,RSS(j) ≤ r
}

=⇒
{
SSE(i?) ≥ s,RSS(i?) ≤ r

}
=⇒

⋃
i

{
SSE(i) ≥ s,RSS(i) ≤ r

}
.

Thus, by the union bound, we can write

P[SSE(i?) ≥ s,RSS(j) ≤ r]

≤
∑
i

P[SSE(i) ≥ s,RSS(i) ≤ r],

and by the law of total probability,

P[SSE(i?) ≥ s] = P[SSE(i?) ≥ s,RSS(j) ≤ r]
+ P[SSE(i?) ≥ s,RSS(j) > r]

≤
∑
i

P[SSE(i) ≥ s,RSS(i) ≤ r]

+ P[RSS(j) > r]. (12)

Combining (12) with Theorem 1 and taking the minimum
over the index j gives the following result.

Theorem 4. Under the assumptions of Theorem 1, the follow-
ing bound holds for any s, r ∈ R:

P
[
‖x̂− x?‖2 ≥ s

]
≤

N∑
i=1

e−
m−di+1

2 E
(i)
1 (s)−m−di2 E

(i)
2 (r)

+ min
i∈[N ]

e−
m−di

2 E
(i)
3 (r) (13)

where E(i)
1 (s), E(i)

2 (r), and E
(i)
3 (r) correspond to the func-

tions given Theorem 1 evaluated with di and ρMi
(x?).

B. Proof of Theorem 1

We now prove Theorem 1 by showing that, after an appro-
priate change of variables, the right hand side of (13) can be
bounded uniformly for all x? and w.

For each subspace Mi, we define the ratio

γi =
ρ2Mi

(x?) + ‖w‖2

ρ2M(x?) + ‖w‖2
. (14)

Note that 1 ≤ γi < ∞ where equality on the left is attained
for at least one subspace in M. Also, we define

s̃ = m+1
m−d+1

[(
ρ2M(x?) + ‖w‖2

)
· s− ‖w‖2

]
r̃ = m−d

m

(
ρ2M(x?) + ‖w‖2

)
· r.

Using this notation, the exponent in the first term in (13)
can be bounded as follows:

m−di+1
2 E

(i)
1 (s̃) + m−di

2 E
(i)
2 (r̃)

= m−di+1
2 L[1,∞)

(
m−di+1
m−d+1

s

γi

)
+ m−di

2 L[1,∞)

(
m−di
m−d

γi
r

)
≥ m−d

2

[
L[1,∞)

( s
γi

)
+ L[1,∞)

(γi
r

)]
where we have used the fact that L[1,∞)(x) is nondecreasing
and the fact that di ≤ d. Similarly, the exponent in the second
term in (13) obeys:

max
i

m−di
2 E

(i)
3 (r̃) = max

i

m−di
2 L(0,1]

(
m−di
m−d

γi
r

)
≥ max

i

m−d
2 L(0,1]

(
m−d
m−d

γi
r

)
= m−d

2 L(0,1](1/r)

where the inequality follows from the fact that, for any x ∈ R,
the function g(α) = αL(0,1](αx) is nonincreasing in α.



Plugging these inequalities back into (13) leads to

P
[
‖x̂− x?‖2 ≥ m+1

m−d+1

(
ρ2M(x?) + ‖w‖2

)
· s− ‖w‖2

]
≤

N∑
i=1

e
−m−d2

[
L[1,∞)

(
s
γi

)
+L[1,∞)

(γi
r

)]
+ e−

m−d
2 L(0,1]( 1

r ).

Next, we upper bound each term in the summation. By
differentiation, it can be shown that the worst case value of γi
is given by γ∗ =

√
rs, and thus

inf
γ≥1

[
L[1,∞)

(
s

γ

)
+ L[1,∞)

(γ
r

)]
= 2L[1,∞)

(√
s

r

)
. (15)

Applying this inequality leads to

P
[
‖x̂− x?‖2 ≥ m+1

m−d+1

(
ρ2M(x?) + ‖w‖2

)
· s− ‖w‖2

]
≤ N · 2e−

m−d
2

[
2L[1,∞)

(√
s/r
)]

+ 3e−
m−d
2 L(0,1]( 1

r ). (16)

Note that this bound is universal in the sense that the right
hand side does not depend on the signal x? or the noise w.

To further simplify the bound, let s be parametrized as:

s =
[
L−1[1,∞)

(
logN
m−d

)]2
· t.

It is then straightforward to verify that, for all 0 < r ≤ t,

2L[1,∞)

(√
s/r
)
≥ 2 logN

m− d
+ 2L[1,∞)

(√
t/r
)
. (17)

Returning to (16), we can then write:

P
[
‖x̂− x?‖2 ≥ sm,d,N ·

(
ρ2M(x?) + ‖w‖2

)
· t− ‖w‖2

]
≤ e−

m−d
2

[
2L[1,∞)

(√
t/r
)]

+ e−
m−d
2 L(0,1]( 1

r )

≤ 2e
−m−d2 min

{
2L[1,∞)

(√
t/r
)
,L(0,1]( 1

r )
}

(18)

where the first inequality is due to (17). Evaluating (18) with
r =

(
1/
√
t+
√
L[1,∞)(t)

)2
leads to Theorem 1.

V. DISCUSSION

The paper studies the fundamental limits of stable recovery
with respect to a finite union of subspaces. Our main results are
upper bounds on the reconstruction error of an arbitary signal
in terms of the approximation error and measurement error.
These bounds show that the error is bounded in probability if
m > d and bounded in expectation if m > d + 2 where d is
the maximum dimension in the subspace.

These bounds provide a framework for analyzing the pre-
cise limits of stable recovery from the compressed sensing
measurements. We show how this framework can be used to
characterize certain phase transitions as well as provide new
insights, such as the fact that the reconstruction error can
be bounded in terms of the distortion of the optimal scalar
quantizer using only m− 3 values.

An important question to address in future work is the
the extent to which the fundamental limits derived in this
paper can attained, either exactly or approximately, using
computationally efficient methods.
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